We investigate the consequences of contraction of the Lie algebras of the orthogonal groups to the Lie algebras of the Euclidean groups in terms of separation of variables for Laplace-Beltrami eigenvalue equations, and the solutions of these equations that arise through separation of variables techniques, on the N-sphere and in N-dimensional Euclidean space. General ellipsoidal and paraboloidal coordinates are included, not just the subgroup type coordinates that have been the concern of most investigations of contractions as applied to special functions. We pay special attention to the case 1 N = 2 where we show in detail, for example, how Lam e polynomials contract to periodic Mathieu functions. Our point of view emphasizes the characterization of separable polynomial eigenfunctions in terms of the zeros of these eigenfunctions. We also consider all possible separable coordinate systems on the complex two-sphere (which includes real hyperboloids as special cases) and their contraction to at space coordinates.
Introduction
It is well known that contractions of Lie groups and algebras can be used to obtain relations between many of the classical special functions. The most familiar example is perhaps the contraction of the rotation group SO(3) to the Euclidean group E(2), 1] . In this example the generators of the Lie algebra of SO(3), which we denote by L k , satisfy the commutation relations L i ; L j ] = ijk L k (1) where ijk is the skew symmetric tensor and summation is on the index k.
An especially clear and comprehensive study of this contraction can be found in the books by Talman and Gilmore 2, 3] . Consider the matrix element (with respect to the 2`+1 dimensional irreducible representation) of a group element of SO(3) written in Euler angles as D`( ; ; ) mn , and change ! =c where c is large and xed, i.e., D`( ; =c; ) mn = i m?n e im dm n ( =c)e ?in . Now consider the Lie algebra induced using these matrix elements as a basis and the parameters ; ; , in which case the basis elements for the Lie algebra are L 0 
In the limit as c ! 1 these commutators are the same as those of the Lie algebra of the Euclidean group: P 1 ; P 2 ] = 0; M; P 1 ] = P 2 ;
M; P 2 ] = ?P 1 ;
In this limit L 0 z is identi ed with M; L 0 x with ?P 2 and L 0 y with P 1 . In order for the algebraic relations to have a nite limit we require that the index2 which labels the irreducible representation behaves like c as c becomes large. Speci cally we require that` c. The Then in the limit as`! 1 the matrix elements of L 0 + and L 0 ? assume the form of the matrix elements of P + and P ? in a representation of E(2) labeled by . We can take the same limit in the group representations. This result is a very special case of the limit procedure for solutions of Laplace-Beltrami eigenvalue equations on the N-sphere as the symmetry group of the N-sphere, SO(N + 1), contracts to the symmetry group E(N) of Euclidean N-space. The rst investigation of the connection between contractions of the Lie algebras o(3) and o(2,1) to e(2) and separation of variables was done in the articles 5, 6] . Our objective here is to establish, in detail, just how the contraction procedure works for the various separable coordinates on the two dimensional sphere if the Lie algebra of SO(3) is contracted to that of E (2) and, in general terms, how the procedure works for the N-sphere. The analysis of contractions in 2], and in the recent literature, e.g., 7], emphasizes subgroup coordinates. Here we treat the most general separable systems.
Separable coordinates in N dimensions
We review the construction of separable coordinates for Laplace-Beltrami eigenvalue equations on the N-sphere and N-dimensional Euclidean space, 8, 9] , and show how they are related by contractions.
Elliptic coordinates on the sphere: This is the basic separable coordinate system on the N-sphere. Here 
where u is a parameter and e 0 < u 1 < e 1 < u 2 < < e N?1 < u N < e N :
k=1 (e`? u k ) Q j6 =`( e`? e j ) ; j;`= 0; ; N: (6) The metric on the sphere is 
The action of the Lie algebra of SO(N + 1) on the sphere is given by the operators L kj = X k @ X j ? X j @ X k ; k; j = 0; 1; ; N: 
The action of the Lie algebra of E(N) on Euclidean space is given by the operators L kj = x k @ x j ? x j @ x k ; P j = @ x j ; (18) where k; j = 0; 1; ; N ? 1 
Thus the operators de ning separation in elliptic coordinates on the sphere go in the limit to the operators de ning separation in elliptic coordinates on Euclidean space. Now suppose is a separable solution on the sphere, i.e., it satis es eigenvalue equations (11) . Then if we consider a one-parameter family (R) of solutions such that 1 c 2 R 1 , k R k , k = 2; ; N, and 0 = lim R=en!1 (R) exists and is non-zero, it follows that 0 satis es the eigenvalue equations (22) and see that in the limit these operators satisfy (18) . Also, one can easily verify that
Thus the operators de ning separation in elliptic coordinates on Euclidean space go in the limit to the operators de ning separation in parabolic coordinates on Euclidean space. Now suppose is a separable solution in Euclidean elliptic coordinates, i.e., it satis es eigenvalue equations (22). Then if we consider a one-parameter family (R) of solutions such that k R k , k = 1; ; N, and 0 = lim R=?e 0 !1 (R) exists and is non-zero, it follows that 0 satis es the eigenvalue equations (31) for separation in parabolic coordinates on Euclidean space.
Hybrid separable coordinate systems
A complete description of separable coordinate systems on the N-sphere and on Euclidean N-space, and a graphical method for constructing these systems can be found in 8, 9]. Here we mention some of the main ideas.
The basic elliptic coordinate system on the N-sphere is denoted e 0 je 1 j je N ]:
All separable coordinate systems on the N-sphere can be obtained by nesting these basic coordinates for the k-spheres for k N. (52)
The resulting system is denoted graphically by
Here is another possibility:
Each separable system can be obtained in this way via embeddings. The graph is a tree whose nodes are basic elliptic coordinate systems. For Euclidean space the results are a bit more complicated. The basic ellipsoidal coordinate system on N-space is denoted < e 0 je 1 j je N?1 >; (55) and the parabolic coordinate system is (e 1 j je N?1 ):
(56) The graphs need no longer be trees; they can have several connected components. Each connected component is a tree with a root node that is either of the form (55) 2) Erase either the left-hand square or the right-hand square in this ksquare block. The resulting (k ? 1)-block becomes a diamond block, say < e 1 j je k?1 > denoting ellipsoidal coordinates in Euclidean space. 3a) If the erased square is not connected to some lower block, the process ends. 3b) If the erased square is connected to a lower block, erase the edge, proceed to the lower block and repeat step 2).
When the process ends we have a coordinate system in Euclidean space with one more component than the number of edges erased.
For example, one result of contracting (53), in particular letting R = e N?k ! 1, is to obtain the Euclidean N-space coordinate system h e 0 j e 1 j j e N?k?
We treat another example in detail, a coordinate system on the 6-sphere:
The presciption for writing down the invariant operators corresponding to embedded coordinate systems can be found in 8 
13 4 The real two-sphere To see in detail how this contraction works on the two-sphere, and its relation to special functions, we can specialise the Bessel function example to the case when n = 0 so that the limit (4) 
As q ! 1 we pass through a family of polynomials and obtain C j = lim q!1 c j (q); where C j is the coe cient of (u ? e s ) j in the separated (nonpolynomial) solution corresponding to the contracted coordinates. Thus these coe cients can be evaluated in terms of limits of the sums (74) of terms involving the zeros of the polynomial solutions. Let n 1 ; n 2 ; ; n k be a partition of n, i.e., n 1 n 2 n k > 0; n 1 + + n k = n:
One can also denote this partition by 1 t 1 2 t 2 n tn where t 1 + + t n = k and t i is the number of occurrences of the integer i in the partition of n. We introduce the notation fn 1 ; ; n k g(e s ) f1 t i n tn g n = The following are the rules to nd the nonzero terms on the right-hand side of (76) We show how, in principle, one can compute all the sums n(e s ). To be de nite we take s = 0, but a slight modi cation of the argument works for s = 1. First, multiplying each term of (72) g(e 0 ) = 0 if n is odd. We are given f1g(e 0 ) = S 0 and f1g(e 1 ) = S 1 .
It follows from (77), the relation fn ? kg fkg = fng + fn ? k; kg (78) and a simple induction argument that we can compute all sums fn 1 g and fn 1 ; n 2 g. Now suppose we know fn 1 ; ; n k g for all n 1 n k > 0 and k = 1; 2; ; k 0 ? 1. Then we can use the fact that fn 1 ; ; n k g fn k+1 g = fn 1 ; ; n k+1 g + partitions with k nonzero terms to compute all fn 1 ; ; n k 0 g such that n 1 n 2 n k 0 > 0. Thus we can compute all fn 1 ; ; n k g.
We now perform the analogous limiting process for the case of ellipsoidal coordinates on the sphere. We will initially treat these coordinates on the N-sphere, and then specialize to the two-sphere to take the limit. These coordinates have the form (6) . We want to compute polynomial separable solutions of order q of the Laplace-Beltrami eigenvalue equation and then let q ! 1. A key observation is the identity (5). Based on this, we look for solutions of the form 
From previous work we know that in the case of the sphere the corresponding separable solutions are Lam e polynomials and in the case of Euclidean space, Mathieu functions 4, 15] . We now examine the contraction process as outlined for these coordinate systems. We havè (`+ 1) = 2 (e 1 + e 2 )S 0 + (e 0 + e 2 )S 1 + (e 0 + e 1 
Note that (87) is obtained by assuming that the limit of an unbounded sum of monomials is equal to the in nite sum of the limits of the individual monomials, and this is by no means obvious. We will give a rigorous proof at the end of this section. In order to identify this solution we note that with the choice of variables e 1 = 1; u = sin With a very similar argument to that in (75)- (78) we can determine all of the sums (75). In particular, these all have nite limits for e 2 =`2= 2 as`= 2q ! 1. Since the sums f2g q (e s ) are nite and have nite limits as q ! 1 for s = 0; 1; 2, it follows that there exists a positive constant such that j p (q) ? e s j ?1 < for s = 0; 1, p = 1; 2; q and all q. Since f2g q (e 0 ) is uniformly bounded in q, there must be a strict upper bound on the number of zeros p (q) in the interval e 0 < p (q) < e 1 , uniform for all q. Call this upper bound P.
Each polynomial in the sequence q (u 1 ), q = 0; 1; can be written in the form q (u 1 ) = 
Pq (2) q?Pq ; (88) where e 0 < p (q) < e 1 ; p = 1; ; P q ; e 1 < p (q) < e 2 (q); p = P q + 1; ; q; and P q P. Note that the polynomial (2) (u 1 ) takes the value 1 for u 1 = e 0 and that this polynomial is strictly positive and monotone decreasing in the interval e 0 u 1 e 1 . It follows that the polynomials f q (u 1 )g are uniformly bounded on e 0 ; e 1 ] for all q. Furthermore, since fjg q (e 0 ), fjg q (e 1 ) are uniformly bounded for j = 1; 2 it follows easily that the derivatives d k du 1 k q (u 1 ), k = 1; 2; 3 are also uniformly bounded in absolute value. Thus each of the families f q g, f 0 q g, f 00 q g is equicontinuous and uniformly bounded. Using Arzel a's Theorem, 17], we can choose a subsequence f q 0 g of f q g such that 5 The complex two-sphere and plane A main thrust of this paper is to demonstrate how the notion of contraction based on the classical examples extends to the various separable coordinate systems on the two dimensional complex sphere and two dimensional complex euclidean space. The easiest way to see this is to use the algebraic form of the various coordinate systems. We list here the separable coordinates, rst on the complex sphere. We do this in algebraic form and for a sphere of radius R. Since the coordinates are complex, there are now separable coordinate systems permitted in addition to the real systems listed in x3, 6, 18, 19] . In particular, systems f2g, f4g, f5g, (2) and (5) We see that the equation is satis ed when e 2 = e 0 by the choice 1 = e 0 .
From this observation the limit e 2 ! e 0 can be considered to be accompanied In all these cases it is understood that i; j = + 1; ; q where q = + 2r or + 2r + 1 as the case may be. 
